Abstract. We prove that every infinite-dimensional Banach space X having a (not necessarily equivalent) real-analytic norm is real-analytic diffeomorphic to X \ {0}. More generally, if X is an infinitedimensional Banach space and F is a closed subspace of X such that there is a real-analytic seminorm on X whose set of zeros is F, and X/F is infinite-dimensional, then X and X \ F are real-analytic diffeomorphic. As an application we show the existence of real-analytic free actions of the circle and the n-torus on certain Banach spaces.
In 1951 Victor Klee proved that, if X is either a non-reflexive Banach space or an infinite-dimensional L p space and K is a compact subset of X then X \ K and X are homeomorphic. He also showed that every infinite-dimensional Hilbert space is homeomorphic to its unit sphere, and he gave a complete topological classification of the convex bodies of a Hilbert space. These results were later extended to the class of all infinite-dimensional Banach spaces by Bessaga and Klee (cf. [6] , [8] , [9] , [10] ). If a subset A of X has the property that X and X \ A are homeomorphic, we say that A is negligible. It is natural to ask whether this type of results can be sharpened so as to get diffeomorphisms instead of merely homeomorphisms.
In 1966, C. Bessaga [5] proved that if X is an infinite-dimensional Hilbert space then X is C ∞ diffeomorphic to both X \ {0} and its unit sphere. Some twelve years later, the second-named author [16] developed the so-called non-complete norm technique of Bessaga's in the smooth case and showed that if X has a non-complete C p smooth norm then X and X \ K are C p diffeomorphic for any compact set K ⊂ X. Unfortunately, it is not known whether every infinite-dimensional space with an equivalent C p smooth norm must have a non-complete C p smooth norm too, so that this result does not allow us to conclude that the same holds true for all infinitedimensional Banach spaces with smooth norms.
Without proving the existence of smooth non-complete norms, the first-named author recently showed [2] that every infinite-dimensional Banach space with a (not necessarily equivalent) C p smooth norm is C p diffeomorphic to X \ {0} and, furthermore, that every hyperplane in X is C p diffeomorphic to the sphere {x ∈ X | (x) = 1}. Then the present authors strengthened the asymmetric norm technique of deleting points introduced in [2] so as to obtain very general results concerning smooth negligibility of compact sets and subspaces [3] . These results allow to enlarge the class of spaces in which some striking applications of negligibility theory are valid (see [3] , [4] , [7] , [19] , [20] , [21] , [25] ).
The real-analytic negligibility of compact sets and subspaces in separable Banach spaces was studied by the second-named author [16] . He proved that if X is a separable infinite-dimensional Banach space and A is either a compact subset of X or a closed subspace with dim(X/A) = ∞, then X and X \ A are real-analytic diffeomorphic. It is natural to ask whether such results will remain valid in the non-separable case. The answer is negative in general: if Γ is an uncountable set then it can be shown that c 0 (Γ) is not real-analytic diffeomorphic to c 0 (Γ)\{0} (see Proposition 4.7 in [16] ). However, by analogy with what happens in the smooth case [3] , it seems natural to conjecture that, if F is a closed subspace which is the set of zeros of a realanalytic seminorm on a space X, and dim(X/F) = ∞, then X and X \ F must be real-analytic diffeomorphic.
In this note we show this conjecture to be true, giving explicit formulae for realanalytic diffeomorphisms between an infinite-dimensional Banach space X and the space minus an infinite-codimensional subspace F, provided the space X has a realanalytic seminorm whose set of zeros is F. As a result, singletons are real-analytic negligible in every infinite-dimensional Banach space having a real-analytic norm. It should be noted that the class of Banach spaces having (not necessarily equivalent) real-analytic norms is large. For instance, it is easy to show that every Banach space which is linearly injectable into some p (Γ) (1 < p < ∞) has a (not necessarily equivalent) real-analytic norm. Taking into account that every superreflexive Banach space is linearly injectable into some p (Γ) with 1 < p < ∞ (see [24, proof of Lemma 2, p. 133]), and the same is true for all separable spaces, it follows that all superreflexive spaces and all separable spaces have such norms.
At the end of the paper we give some applications of these results concerning realanalytic free actions of some Lie groups (such as the unit circle and the n-torus) on certain Banach spaces (namely, those which have separable complemented subspaces which are isomorphic to their cartesian squares). As a corollary it is deduced that such spaces have real-analytic self-diffeomorphisms of arbitrary period with no fixed points.
Let us formally state the main result of this paper.
Theorem 1 Let (X, · ) be an infinite-dimensional Banach space with a real-analytic seminorm whose set of zeros is a subspace F such that the quotient space X/F is infinitedimensional. Then there exists a real-analytic diffeomorphism between X and X \ F.
In particular, we have:
Corollary 2 Let X be an infinite-dimensional Banach space with a (not necessarily equivalent) real-analytic norm. Then there exists a real-analytic diffeomorphism between X and X \ {0}.
The proof of Theorem 1 is rather technical. We will make use of some auxiliary results which we state and prove next. The gist of the proof is as follows. We will construct a certain real-analytic path p on X and a certain function ω : X −→ [0, ∞) such that ω −1 (0) = F and ω is real-analytic on X \ F (the function ω will be different depending upon whether the space is reflexive or not), and we will show that the formula ψ(x) = x + p ω(x) , x ∈ X \ F, establishes a real-analytic diffeomorphism between X \ F and X. In order to show that ψ is a bijection we make use of Lemma 3. Lemma 4 shows that our path p is real-analytic, while Lemma 5 is a technical fact which will help us construct the function ω. The proofs are not detailed and the reader is supposed to have some knowledge of the techniques introduced in [2] , [3] in order to fill in the gaps in the arguments (he might also want to consult [1] , where very detailed proofs are given). 
Then p is a real-analytic function from (0, ∞) to X.
Proof Let Y be the complexification of the space X, and let Ω = {z ∈ C : Re z > 2| Im z|}, which is an open subset of the complex plane containing the interval (0, ∞) of the real line. Since the zeros of the complex function z −→
is holomorphic in Ω. It is not difficult to see that the series ∞ k=1 g k converges uniformly on the compact subsets of Ω to a holomorphic function p : Ω −→ Y . In particular, the restriction of p to the interval (0, ∞) of the real line is real-analytic.
Recall that, for a real linear space X, a function : X −→ [0, ∞) is said to be a seminorm in X provided satisfies the following properties:
(i) (x + y) ≤ (x) + (y) for every x, y ∈ X; and (ii) (λx) = |λ| (x) for every x ∈ X and every real number λ; in particular, (0) = 0.
In the proof of Theorem 1 we will handle other functionals belonging to a quite larger class, namely those functionals ω :
for every x, y ∈ X; and (2) ω(λx) = λω(x) for every x ∈ X and every λ ≥ 0.
Note that such a functional ω need not be a seminorm; in general ω(−x) = ω(x). We will say that ω is an asymmetric seminorm. This does not mean that ω must always satisfy ω(−x) = ω(x) for some x. It may be so, or it may not. Therefore, the class of "asymmetric seminorms" contains that of "seminorms". If, moreover, ω satisfies the property (3) ω(x) = 0 if and only if x = 0, then we will call ω an asymmetric norm.
Next we state some of the properties of asymmetric seminorms that will be used in that proof. Let ω be an asymmetric seminorm in a linear space X, let F = ω −1 (0) be its set of zeros, and assume that F is a linear subspace of X. Consider the canonical projection π : X −→ X/F. It is clear that ω also has the following property in this case: ω(x + z) = ω(x) for every z ∈ F, x ∈ X. Hence ω induces a quotient functional ω : X/F −→ [0, ∞) satisfying (1), (2) and (3) above, that is, an asymmetric norm, and such that ω =ω • π. It is worth noting that the asymmetric normω induced by a real-analytic asymmetric seminorm ω in the quotient space X/ω −1 (0) (when ω −1 (0) is a linear subspace) is real-analytic too. This fact, which is probably known and is not difficult to prove, will be used in the proof of Theorem 1. Now we are ready to give a proof of Theorem 1. We will split the proof into two propositions, depending on whether or not our space is reflexive.
Proposition 6 Let (X, · ) be an infinite-dimensional Banach space with a realanalytic seminorm whose set of zeros is a subspace F such that the normed space (X/F,¯ ) is non-reflexive. Then there exists a real-analytic diffeomorphism between X and X \ F.
Proof Let π,¯ and F be as in the definitions preceding the statement of Lemma 5. Since the normed space (X/F,¯ ) is non-reflexive, according to James's theorem [23] , there exists a linear functional S : X/F −→ R which is continuous from (X/F,¯ ) onto R and such that S does not attain the supremum sup{S(z) |z ∈ X/F,¯ (z) = 1} = 1. It should be noted that the norm¯ is continuous with respect to the usual quotient norm in X/F (recall that¯ is real-analytic by virtue of Lemma 5, and hence continuous in X/F). Therefore the linear functional S is also continuous from X/F (with its usual quotient norm) onto R.
Next, put T = S • π ∈ X * , and define the functionalsω : X/F −→ [0, ∞) and
It is quite clear that the functionalsω and ω are real-analytic on the sets (X/F) \ {0} and X \ F respectively. We can select vectors (y k ) of X such that (y k ) = 1 and ω(y k ) ≤ 1/4 k for every k. For t > 0, write G(t) = 1/(1 + t 2 ) and consider the path
According to Lemma 4, the path p : (0, ∞) −→ X is real-analytic. Now, let us define
It is not difficult to check that for every y ∈ X the function F y : (0, ∞) −→ [0, ∞) defined by F y (α) = ω y − p(α) satisfies the conditions of Lemma 3 and, therefore, has a unique fixed point α = α(y) > 0. This means that the mapping H is one-toone from X \ F onto X, with
As the functions ω and p are real-analytic, so is H. Finally, by using the real-analytic version of the implicit function theorem (see e.g. [15] and [28] ) as in [3] we obtain that the mapping y → α(y) is real-analytic and therefore H : X \ F −→ X is a realanalytic diffeomorphism.
Proposition 7 Let (X, · ) be an infinite-dimensional Banach space with a realanalytic seminorm whose set of zeros is a subspace F such that the normed space (X/F,¯ ) is infinite-dimensional and reflexive. Then there exists a real-analytic diffeomorphism between X and X \ F.
Proof Let us denote Z = X/F, and let π : X −→ Z be the canonical projection. By Lemma 5, the norm¯ : Z −→ R induced by a real-analytic seminorm satisfying −1 (0) = F is also real-analytic on Z. In particular, the norm¯ is continuous with respect to the usual quotient norm of Z = X/F. On the other hand, the norm¯ is complete (indeed, the normed space (X/F,¯ ) is reflexive and, hence, complete). Then,¯ is an equivalent real-analytic norm on Z. Consequently, the space Z is C ∞ smooth and, since it is reflexive, Theorem 4.1 in Chapter V of [13] gives us a 2k-homogeneous polynomial h on Z and constants K,
2k for every z ∈ Z; in particular, for such real-analytic h : Z → [0, ∞), we have h −1 (0) = 0. According to [14, Theorem 3, p. 149], every reflexive (in general, every WCG) Banach space has a separable infinite-dimensional complemented subspace. Then we can write Z = W ×V , where W is a separable infinite-dimensional subspace of Z. Since W is separable, W admits a non-complete norm g such that g 2 is realanalytic on the whole of W (see [16, Proposition 4 
.1]). For every
It is clear that the function Q : Z → [0, ∞) is real-analytic on Z \ {0} and satisfies Q| W = g and Q −1 (0) = 0. Since the norm g is non-complete we can find a¯ -bounded sequence (u k ) in W such that g(u k ) ≤ 
, and define a path q : (0, ∞) −→ X by
for t > 0. By Lemma 4, the path q is real-analytic. Now define H :
for each x ∈ X \ F. As in the proof of the preceding proposition, it is not hard to see that H : X \ F −→ X is a bijection, and both H and H −1 are real-analytic (see [1] for details).
By combining Propositions 6 and 7, we obtain Theorem 1.
V. L. Klee used his results on negligibility [25] to prove that for the Hilbert space H and for each integer n ≥ 2 there exists a periodic homeomorphism f : H −→ H of pure period n that has no fixed points. This was somewhat surprising because, for a finite-dimensional space X, P. A. Smith [26] had proved that every prime-periodic homeomorphism of X must have a fixed point. By using Theorem 1, in many Banach spaces these results can now be improved so as to obtain real-analytic diffeomorphisms of arbitrary period n having no fixed points. This holds for every Banach space having a complemented separable subspace which is isomorphic to its cartesian square. In fact these real-analytic version of Klee's results are obtained as corollaries to new results on free actions of the n-torus on Banach spaces.
Let us recall that a Lie group G is said to act on a space X if there exists a continuous map Φ : G × X → X such that Φ(e, x) = x and Φ(gh, x) = Φ g, Φ(h, x) for all g, h ∈ G and all x ∈ X. Here e denotes the neutral element of the group G. If X is a real-analytic manifold and Φ is real-analytic then we say that G acts on X in a real-analytic way. In such a case, for every g ∈ G, x → Φ(g, x) is a real-analytic self-diffeomorphism of X (and G can be identified with a subgroup of the group of diffeomorphisms of X). If for every g = e and x ∈ X we have Φ(g, x) = x, then the action is called free. Hereafter T denotes the unit circle {s ∈ C : |s| = 1}, and T n stands for the n-torus {(s 1 , . . . , s n ) ∈ C n : |s j | = 1, j = 1, . . . , n}; T n will be considered with its natural group structure. Theorem 8 Let X be a Banach space of the form X = Y × Z, where Z is a separable infinite-dimensional space which is isomorphic to its cartesian square. Then, for each n ∈ N, there exists a real-analytic free action Φ of the n-torus T n on X.
Proof For the sake of simplicity we will write the proof only for the case n = 2. The reader will immediately see that the same argument, with obvious modifications, holds in the general case. Since the space Z is separable we can take a separating sequence of continuous functionals (z * n ) ⊂ Z * such that z * n = 1 for every n.
It is clear that ω is a prehilbertian norm in Z × Z which is compatible with the natural complex structure that the isomorphy of Z and Z × Z induces on Z (as the formula ω(u + iv) = ω(u, v) defines a norm on Z when considered as a complex space). Choose a linear isomorphism
, and consider the -sphere of Z, S = {z ∈ Z | (z) = 1}. In this setting, according to [17] , there exists a real-analytic diffeomorphism from Z onto S × R. Using once again the fact that Z is isomorphic to Z × Z, it is clear that there exists a real-analytic diffeomorphism between Z and R 2 × S × S. By means of the isomorphism L : Z −→ Z × Z we may identify the sphere S with the sphereŜ = {u + iv | ω(u, v) = 1} of the complex space Z. As noticed above, the norm ω is complex-symmetric, that is, for every complex s with |s| = 1, and for every z = u + iv ∈Ŝ, the product sz belongs toŜ. We have the following natural real-analytic free action of T 2 on Y × R 2 ×Ŝ ×Ŝ:
g, y, w, (z 1 , z 2 ) → y, w, (s 1 z 1 , s 2 z 2 ) ,
where g = (s 1 , s 2 ) ∈ T 2 , y ∈ Y , w ∈ R 2 , and (z 1 , z 2 ) ∈Ŝ ×Ŝ. It follows from our discussion above that Y × R 2 ×Ŝ ×Ŝ is real-analytic diffeomorphic to Y × Z = X. Hence the proof is complete.
Corollary 9
Let X be a Banach space of the form X = Y × Z, where Z is a separable infinite-dimensional space which is isomorphic to its cartesian square. Then, for each integer n ≥ 2 there exists a real-analytic diffeomorphism f : X −→ X of pure period n such that f has no fixed points.
Proof From the preceding theorem we know that there is a real-analytic free action Φ of the unit circle T on the space X. Then it is clear that x → Φ(e 2πi/n , x) is a real-analytic self-diffeomorphism of pure period n and without fixed points.
